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List of symbols

C Constant for triangular and inverted triangular distributed load
CO  Conventional outrigger

C1 Integration constants

Cy Integration constants

C3 Integration constants

Cy Integration constants

E Energy function

E(x) Function of Young's modulus
Eo Modulus of elasticity

I(x)  Function of moment of inertia
Io Moment of inertia

Leq Equal moment of inertia

k Stiffness of spring

L Total height of the core

M(x) Function of bending moment
Mo,  Moment that was created by CO
q(x)  Function of external load

u(x) Function of displacement
U(x) Heaviside function

V(x) Function of shear core

A4 Constant for uniform and parabolic distributed load

X Location of CO

X, Location of discontinuity of moment of inertia in shear core
y Constant for reduction of moment of inertia in core

x(x) Function of beam curvature
@(x) Function of slope
0(x) Rotation angle

1. Introduction

The concept of belt truss and conventional outrigger (CO) system in high-rise buildings has been utilized
as a lateral load resistance system for over 50 years. Determining the best location of lateral load resistance
systems is an important issue [1]. Use of CO system to resist earthquakes and wind loads in tall buildings
has become very common for the purpose of reducing structural displacement and increasing lateral load
resistance. The shear core is one of the main lateral load-resistance systems in tall buildings [2]. The
effectiveness of CO system in reducing displacement and drift was found to be highly dependent on location
of it in structures height [3]. The best position for a CO system has been determined by Smith and Salim
[4] and Smith and Coull [5], to be at 0.45 height from the top of the structure using the displacement method.
Wu and Lee [6] investigated the relationships proposed by Smith and Salim [4] and Smith and Coull [5],
and developed an additional graph for triangular distributed load. Furthermore, Baygi and Khazaee [7]
expand the relationships for the concentrated load. Throughout all of these studies, as the CO's flexibility
increases, the CO's position moves toward the top of the structure. Multi-objective optimization algorithms
are used in tall buildings [8—11]. Chen and Zhang's proposed the location of CO by genetic algorithm and
reducing both the top displacement and base moment of the structure [9]. They presented different positions
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that effectively mitigate the top displacement and base moment. Park et al. [12] suggested the position of
one and two COs system to be at 0.39 and 0.27, and 0.59 height from the top of the building using a weight
reduction function. Habrah et al. [13] studied the CO position in the shear core under uniform, triangular,
and parabolic distributed loads. They presented a position of 0.59 for one CO and 0.35 and 0.73 for two
COs under parabolic load from the building's base.

A study shows using a frame tube and shear wall system is a highly effective method for reducing horizontal
displacements in tall buildings. Obtaining the natural frequency of tall buildings has been investigated by
some researchers [14] . A continuous model and separation of variables method have been used to determine
the building's natural frequency based on the energy method [15]. Kwan [16] presented a simplified
technique for calculating horizontal displacements in a frame tube system using third and second-degree
functions. Rahgozar et al. [17] added a rigid CO and incorporated Kwan's [16] relations to establish the
relationships between lateral displacement and CO, ultimately determining the best point for the CO. They
validated the presented relationships and found them to be very close to reality. To minimize error in the
proposed model, Rahgozar et al. [18] introduced fourth and fifth-degree approximation functions for the
shear stiffness in the flange and web of the frame tube with CO, resulting in more precise relationships than
previous research.

Kamgar and Rahgozar [19] have presented relations for the shear core with linear moment of inertia and
provided functional graphs with dimensionless variables to ascertain the CO position, which is located at
0.44 from the base of the structure for a rigid CO under uniform distributed load. Also Some functional
graph for uniform moment of inertia have been presented [20]. In addition to new systems, a CO is always
necessary in a structure due to a CO can prevent the risk of collapse [21]. The practice of CO along belt
truss structure in high rise construction Increases stiffness and build structure effective to sustain loads
which acts laterally. COs with belt truss is more effective for high rise building considering maximum story
displacement and drift [22]. In Table 1, different methods of determining best location of CO system are
summarized.

Table 1. Different methods of determining best location of CO system.
Shape of shear

Researchers Lateral load core Method
Smith and Salim [4], Smith . . .

and Coull [5] Uniform Uniform Reduce top displacement

Wu and Lee [6] Triangular Uniform Reduce top displacement
Baygi and Khazaee [7] Concentrated Load at the top of structure Uniform Reduce top displacement

Chen and Zhang [9] Uniform Uniform Reduce top displacement and
base moment

Park et al. [12] Uniform Uniform Reduce weight of structure
Habrah et al.[13] Uniform, triangular, parabolic Uniform Reduce top displacement

Uniform, triangular, Concentrated Load
at the top of structure
Uniform, triangular, Concentrated Load
at the top of structure

Kamgar and Rahgozar [19] Linear Maximize energy function

Kamgar and Rahgozar [20] Uniform Maximize energy function

According to Table 1, in this paper, the energy method and close form solution is used to determine the best
location of CO systems in a tall building with discontinuity in shear core. For this purpose, a tall building
consisting of a framed tube, shear core, CO system is considered. Then, the continuum approach is used to
model the framed tube system as a cantilevered beam with a box cross section. The CO systems are modeled
by rotational springs placed at their locations. The practical graphs presented for four types of static lateral
loadings, uniform, triangular, inverted triangular, and parabolic loads along the structure’s height.
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2. Research significance

This research introduces a closed-form energy-based solution to determine the best placement of CO
systems in tall buildings with discontinuity in shear cores. Unlike conventional studies that often neglect
discontinuities, the proposed method provides utility graphs for different lateral loading patterns, offering
a practical tool for preliminary design. By reducing computational effort while improving accuracy, the
study bridges a gap in current literature and delivers direct practical value for optimizing the seismic and
structural performance of tall buildings. Flowchart for determined the best location of CO system based on
energy method has drawn in Figure 1.

[ Start ’

! !

Select type of static load and
calculate values of 0,(x), ci, c2,
C3, C4

Calculate values of k and 0x(x)
for outrigger system

v

Calculate rotation angle of
structure by superposition
principle

Ox)=0(x)+0,(x)

<
l

\
Define the location of starting

discontinuity in structure (xo)

N /

v

4 Calculate energy function in
structure

E=k&(x)/2
\_ J Repeat for different location of
discontinuity

A4

To find the best position of outrigger and belt
truss system, the derivative of energy function
for different type of y should be equal to zero

OF

ox
By store the maximize point of energy

function the practical graph have been drawn
for different type of lateral load

0

Fig. 1. Flowchart for determined the best location of CO system.
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3. Hypothesis and program formulation

In this study, the CO position has been suggested by energy method with closed-form solution. The
following assumptions were applied:

1) The connection of the CO allows only axial forces to be transmitted.

2) The CO is rigidly connected to the shear core.

3) The belt truss is rigid.

4) The axial stiffness of the exterior columns is constant and uniform in height.

5) The shear core has a discontinuity in the moment of inertia and the location of the CO is in the second
section of the shear core.

6) The equal moment of inertia (/,4) is assumed in obtaining the rotation angle of the CO.

In this article, continuous modeling is used for tall buildings, which has the advantages of reducing the
degrees of freedom and easier extraction of equations. As shown in Figure 2, the CO has been replaced by
a rotational spring. The resulting moment of rotational spring act in the opposite direction of the internal
moment of the shear core, which reduces the internal moment and displacement of the shear core. The
energy criterion for calculating the initial location of CO is expressed as follows: When the structure is
subjected to external loads, work is done on the structure by the external load. The work of external forces
is stored in the members as strain energy. when the energy absorbed by the spring is maximized, the spring
is in the best position.

] ™
LM,
oAy
Belt Truss / = k 4 T
Outrigger
Egly(1—y)
I . -
L
X
X0
Eoly
- -6 o

Fig. 2. Schematic modeling of CO system in a tall structure.
4. Theories

4.1. Energy theory

Assuming a CO modeled as a spring and E = k62 (x) /2 present the energy stored in it. Referring to Figure
3, if the spring is positioned at a distance x from the base of the structure, it becomes necessary to determine
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its best location. In this research, four different types of lateral loading are considered for the structure as
shown in Figure 3.

wXx cxX w

\ ] vy
| B
N
i Q- 7
I k
|
Eolo(1—v)
- .
L
X
Xo
Eoly
- 00
cx ‘

(d) (c) (b) (@)

Fig. 3. Types of lateral loads along the building’s height (a) uniform , (b) triangular , (c) inverted triangular , (d)
parabolic distributed load.

4.2. Slope in beam with flexural discontinuity

A closed-form solution for the Euler-Bernoulli beam with discontinuity has been introduced by Biondi and
Caddemi [23]. The static equations of the Euler-Bernoulli beam are as follows:

V'(x) = —qx) (1
M'(x) = 1\‘4’(())() (2)
xx) = I 3)
X =0’ (%) 4
P(x) =-u'(x) ®)

In Egs. (1-5), q(x), V(x), M(x), u(x), @(x), x(x), E(x) and I(x) represent the function of external load,
shear force, bending moment, displacement, slope, beam curvature, Young's modulus, and member's
moment of inertia respectively. The prime symbol (') represents the derivation respect to the coordinates x
in the interval [0 — L]. By combining Egs. (3)-(5) the following equation has been obtained:

E@IEU" (%) = —M(x) (6)
According to Egs. (1) and (2), the fourth-degree Euler-Bernoulli equation has been expressed as follows:

[EGIE)0" (x)]” = q(x) ()

The Heaviside function is used to show sudden changes in Young's modulus or moment of inertia or both:

E(IX) = Eolo[1 — yU(x = x)] @®)
In Eq. (8), U(x — xq) represents the Heaviside function and x, indicates the starting point of bending
stiftness changes. By substituting Eq. (8) into Eq. (7):

[Eolo(1 = YUx —xo)u" (¥)]" = q(x) )
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According to the physics of the problem, the bending stiffness of the beam should not be negative, which
is necessary for condition y < 1 specified in Eq. (9). By integrating twice from Eq. (9):

- [2]
BoloGoyUG—rgy (01 T D2 + 47 (X)) (10)

In Eq. (10), q[?!(x) represents the double integration of the load function. With an algebraic simplification,
Eq. (10) can be rewritten:

u’(x) =

21 (x
X = —u"(x) = = (2¢; + 6c4x+qEO—l(0)) (1 +1%yU(x—x0)) (11)
The constants of Eq. (11) have been defined as follows:
¢ = o (12)
¢ = (13)
By integrating Eq. (11), the slope function has been obtained as follows:

/ Y
ex) =—-u'(x) = —c; — 2¢3 [x + 1= Y(x —x)UX — %)
—3c, [x2 + 1 zy (x? = x3)U(x — XO)]

[3](x Blx)-qBl(x,

_qEOI(O)_lvaq (330?0 ( )U(X—XO) (14)
By integrating Eq. (14), the closed-form solution of the displacement function has been obtained as follows:

14

u(x) =c; + cx +c3 |x? + (x — x0)?U(x — xo)]

1-vy
ey 23+ T Y ” (x3 = 3x¢x + 2x3)U(x — xo)]
[4] [4] (x)—gl4] —_qgl3l -
+4 (€9) + x4 (0)—q"™ (x0)—q (x0) (x—X0) U(x — xo) (15)
Eolo 1-y Eolg

In Eq. (15) ¢4, ¢4, c3, and ¢, are integration constants obtained from the boundary conditions. The moment
function can be expressed by using Egs. (8) and (11) as follows:

M(x) = EGOIEOX(X) = —Eolo (2¢5 + 6c,x + “E]l(")) (16)
By differentiating Eq. (16), the shear function has been obtained as follows:

[1(x
V(x) = M'(x) = —Eqlo (6¢, + C{EO—I(O)) (17)

4.3. Equivalent moment of inertia

Since the Biondi and Caddemi [23] have not provided a model for concentrated moment or concentrated
loads within the structure, the equivalent moment of inertia for a shear core has been used to simulate the
effect of the CO. Eq. (17) represents the equivalent moment of inertia for a beam with discontinuity in
the moment of inertia (Figure 4) [24].

n=1 n=2

L1, A /e
K 141 1 X LZJIZJAZ }
L LTotal ~
! gl

Fig. 4. The cantilever stepped beam [24].
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I — (LTotal)3 — (LTotal)3 (18)
€q (L1)3+(LTotaD3‘(L1)3] 52 LEE)E:&EB:;)E]
TP PR n=1 n

In Eq. (18), L7otai,L1,L2,41,42,11and I, have been defined to represents the total length of the beam, length
of the first part, length of the second part, cross section of the first part, cross section of the second part,
the moment of inertia of the first part, and moment of inertia of the second part, respectively.

5. Discussion and results

The superposition principle has been applied to determine the rotation angle, as shown in Figure 5:
0(x) = 6:(x) +6,(x) 19)
In Eq. (19), 8,(x) is the rotation angle due to the uniform distributed load in the section with bending

discontinuity and 6,(x) is the rotation angle of CO system, which has been obtained as an equivalent
moment of inertia.

w _ w - -
‘/___\Mo x {___go
@k—[é x @k—%
Eoly(1—y)
i -~ i 1L
L = +
X
Eqly
0
z - - 74 =z 7

Fig. 5. Tall structure with a CO subjected to Superposition principle.
5.1. Uniform distributed load

The rotation due to the uniform distributed load has been obtained from Eq. (14). The constant of Eq. (14)
has been determined using boundary conditions. The Constants ¢; and ¢, have been obtained zero by
applying boundary conditions u(0) = 0,¢(0) = 0 and by considering M(0) = 0 and V(0) = 0 in Egs.
(16) and (17):

2

wL wL
€= M’ C4== 6Eqglp (20)
As aresult, 8, (x) becomes:

wl? Y

0,00 = ~ X+ T (X UG 0)]

L 2 2 2
+ TN [X + 1=y (x* —x5)U(x — XO)]

¥l v d®le-aPxe)
R @b
For calculating the rotation angle for concentrated moment:
0(x) = —— [o M(x)dx + 6, (22)
oleq

In Eq. (22) I.4is the equivalent of the moment of inertia. Due to choosing the origin from the base of the
structuref, = 0, and by Substituting M, = k6(x) in Eq. (22):
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0,(x) = — E“:T’; =— _‘:(I")q" (23)
Synthesizing Egs. (19), (21) and (23):
0 = Eyl, Wi’ 4 U ]
() = Bolug (~ 55 [% + oy (2 = 50U = 30)
wlL Y
2 2 _ 42 —

+2E010 [x +1_y(x x5HU(x xo)]

[3](x 31 00— 13,
_qu(o) - lf—y% U(x — %0))/(Eoleq + AEd?/2) (24)
The moment in the CO has been created by perimeter columns:
M, = Pd (25)
P= ATES (26)
0,(x) = 2 27)

d
In Egs. (25)-(27), AE represents the axial stiffness of the perimeter columns, and § denotes the displacement

of the perimeter columns due to the axial load. The Eq. (27) has been obtained by assuming a small
rotational angle. By applying Egs. (25)-(27), the equivalent stiffness of the rotational spring becomes:

__ AEd?

(28)
2x

By substituting Eqs. (24) and (28) in E = k08?(x)/2, the energy function stored in the CO has been obtained.
By using Eq. (29), the best locations of the CO are obtained.

0E
==0 (29)

In Eq. (29) the position of the CO has been obtained by assuming 0.2 <y < 0.9 and 0.3L < x, < 0.8Lthe
graph shown in Figure 6 can be illustrated.

0.9

0.85

0.8

0.75

0.7

o~ =

0.65

0.6

0.55

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
14

Fig. 6. Best position of CO system for uniform distributed loading.

In Eq. (24), assuming x, = 0 and solving Eq. (29), the position x = 0.44L has been obtained for the CO,
which is the position of the rigid CO with a uniform shear core [19,20,25,26]. The position of the CO varies
between 0.5L and 0.85L for different points of bending discontinuity. By increasing the value of y (which
corresponds to an increase in the slenderness of the second part of the structure), the position of the CO
shifts toward the top of the structure. In Figure 6 for some values of vy, the position of the CO is located in
the first part of the shear core, in which case Eq. (24) reduces to:
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2 2 [3]
0(x) = Egleq(— o X 4 WX _ “EOI(:’)/(EOqu + AEd?/2)

2Eoly  2Eplg

By replacing Egs. (28) and (29) into Eq. (30), position of CO obtained to be 0.44L.
5.2. Triangular distributed load

(30)

The angle of rotation for triangular distributed load has been obtained from Eq. (14). By using the boundary
conditions u(0) = 0,¢(0) = 0,M(L) = 0 and V(L) = 0 in Egs. (14-17):

c;=0,c, =0,c5 = ;;W'C‘* = —1;:010 (31
Replacing Eq. (31) in Eq. (14),0,(x):
cl3 %
0,00 = =3 ¥ + Ty (X UG = x0)]
cl? %
2 2 _ 2 _
+4E010 [X + 1 —y(X x5)U(x XO)]

[3] [3](x)—ql3]
a9 v 9 -9"(%0) _
Egly  1-v Eolo U(x = %) (32)

Synthesizing Egs. (19), (23) and (32), it simplifies to:

cl? y
0(x) = Eoleq(—ﬂ[x + 1= y(x —x0)U(x — xo)]
cl? y
2 2 _ 42 —
+4E010 [x +1_y(x x5HU(x xo)]
Bl vy

a®lx-qBlxe) 2
~ T 1o s V&= x0))/(Eoleq + AEA"/2) 53

Synthesizing Egs. (29), (28) and (33), the graph shown in Figure 7 has been drawn for a triangular
distributed load.

0.9
g 1 - % = 08L
g5k 5 T $— o = 0.7L
. %E) ‘ %mn *o = 06
os = ——x, = 0.5L
.-
B %, = 04L
07s5F & .
f
x 0‘ ——x = 0.3L
Z 0.7 F ‘
0.65
0.6
0.55
0‘5 1 1 L 1 |
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
)4

Fig. 7. Best position of CO system for a triangular distributed load.

In Eq. (33), assuming x, = 0 and solving Eq. (29), the position x = 0.49L has been obtained for the CO,
which is the exact position of the rigid CO with a uniform shear core [19,20,25,26]. The position of the CO
varies between 0.54L and 0.87L for different points of bending discontinuity. By increasing the value of y
(which corresponds to an increase in the slenderness of the second part of the structure), the position of the

10
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CO moves to the top of the structure. In Figure 7, for some values of v, the position of the CO is located in
the first part of the shear core, in which case Eq. (33) reduces to:

(34)

_ cL3x cL?x? q[3](x)
0(0) = Eoleq(— 35+ 500 — 5 )/ (Boleq + AEd®/2)

By replacing Eqgs (28) and (34) in Eq. (29), position 0.49Lhas been obtained.

5.3. Inverted triangular distributed load
By considering the boundary conditions in this type of loading, the coefficients of Eq. (14):

3 2
L cL (35)

C
ci,=0c,=0c3=—,c, =—
1 ’ 2 '3 T 6Egly” 4 12Eolp

By substituting Eq. (35) in Eq. (14), 8;(x) can be expressed as:

3

14
1=y
G —xU(x —x0)|

0:(x) = _3E010 [x+ (x—xO)U(x—xo)]

2

cL
+ Y

4’E0]0 1 -
(3] [81(x)—ql3]
_av™ v a¥)-q (xO)U(x—xO)

Eolg 1-y Eolp

By substituting Egs. (23) and (36) in Eq. (19):

[xz +
(36)

cl? y
0(x) = Eoleq(_m [x + 1—y (x—x0)U(x — xo)]

2

+

|4
4E, I, [Xz + 1—-y (xz - x%)U(x - xo)]
Bl v dBlm-qPlxg 2
"By ETU(X —x0))/(Eoleq + AEA*/2)

Finally, by replacing Egs. (28) and (37) into Eq. (29), the graph shown in Figure 8 has been drawn for the
inverted triangular distributed load.

(37

0.75 — T ,— %o = 0.7L
’{ ﬂ p— x, = 0.6L
0.7 k /IE »——x, = 0.5L
,‘z Epla(1-7)
E p—— x, = 0.4L
0.65F |
£
[ p—— x; = 0.3L
0.6 ‘J‘: Eolo o
H
X [
- 055+
L I; b T 7
0.5
0.45
0.4
0.35 1 1 1 1 1 |
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
14

Fig. 8. Best position of CO system for inverted triangular distributed load.

11
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In Eq. (37), assuming x, = 0 and solving Eq. (29), the position x = 0.32L for the CO has been obtained,
which is the position of the rigid CO with a uniform shear core. The position of the CO varies between
0.38L and 0.74L for different points of bending discontinuity. By increasing the value of y (which
corresponds to an increase in the slenderness of the structure's second part), the CO's position moves to the
top of the structure. In Figure 8, for some values of y, the position of the CO is located in the first part of
the shear core, in which case Eq. (37) has been expressed as follows:

cL3x | cL?x? Blx
8(x) = Eoleq(— 35 + 5 = 51 )/ (Boleq + AEA?/2) (38)
By replacing Eqs (28) and (38) in Eq. (29), the position 0.32Lhas been obtained.
5.4. Parabolic distributed load

By considering the boundary conditions the coefficients of Eq. (14):

wL* . wL3
8Eoly’ 4T 18Egl,

Substituting Eq. (39) in Eq. (14), 6, (x) becomes:

Ci = 0, Cy = 0, C3 = (39)

4

6 _ wL
1(X) = 8E,I,
wlL3

Y
2 2 _ 2 -
+ 18E.1 [X + 1 —Y(X x5)U(x xo)]

[3] [38](x)—ql3]
a9 v 9 -9"(%0) _
Egly  1-v Eolo U(x = %) (40)

By replacing Egs. (23) and (40) in Eq. (19):

[x + 1L—Y (x—xx)U(x — xo)]

4

wlL Y
Q(X) = Eoleq(—m [X + m (X - XO)U(X - xo)]
wl3

2 _ .2 U _ ]
+18E010 1—y(x x0)U(x = xo)

[3] [Bl(x)—q[3]
-0 - L0y (x — x0))/ (Boleg + AEd?/2) (1)

Eolp 1-y Eplp

Synthesizing Egs. (28), (29) and (41), the graph of Figure 9 has been drawn for parabolic load.

[xz +

0.9 T T T T T T
ot i L%, = 08L

] ] p—— o = 0.7L

0.85

b %, =061
Eoly(1-y)

p——x, = 0.5L
0.8

b x, = 0.4L

0.75

——x, = 0.31

0.7

0.65

0.6
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Fig. 9. Best position of CO system for parabolic distributed load.
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In Eq. (41), assuming x, = 0 and solving Eq. (29), the position x = 0.52L for the CO has been obtained,
which is the position of the rigid CO with a uniform shear core. The position of the CO varies between
0.57L and 0.88L for different points of bending discontinuity. By increasing the value of y (which
corresponds to an increase in the slenderness of the structure's second part), the CO's position moves to the
top of the structure. In Figure 9, for some values of vy, the position of the CO is located in the first part of
the shear core, in which case Eq. (41) is expressed as follows:

wL*x = wL3x?

3] (x
8(x) = Eoleq(— 551 + 1ori = 50/ (Eoleq + AEd?/2) (42)
By substituting Egs. (28) and (42) in Eq. (29), position 0.52L has been obtained.

6. Conclusions

In this study, a closed-form solution based on the equivalent cross-section and the energy method was
developed to determine the best positioning of CO system with step jump in the shear core’s moment of
inertia in tall buildings. The main findings can be summarized as follows:

When the discontinuity originates at the base of the structure (i.e., the section has no discontinuity in its
moment of inertia), the best locations of the CO systems were obtained for different lateral loading
conditions. For uniform, triangular, inverted triangular, and parabolic load distributions, the best locations
were found to be approximately 0.44L, 0.49L, 0.32L, and 0.52L, respectively, where L is the total building
height.

With an increase in the parameter y, which reflects the greater slenderness of the upper segment of the shear
core, the best positions of the CO systems shift progressively toward the upper portion of the building.

For certain values of vy, the best location of the CO falls within the first segment of the shear core, which
coincides with the best location obtained for a uniform shear core.

Using closed-form solution not only ensures good accuracy in identifying the best locations but also
simplifies the algebraic expressions and significantly reduces the computation time compared with
numerical methods.

Overall, the proposed closed-form solution and the derived utility graphs provide a reliable and efficient
tool for the preliminary design of tall buildings with discontinuous shear cores.
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